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$Y$ : $Varrow End_{\mathbb{C}}(V)[[z, z^{-1}]]$ $(a \mapsto Y(a, z)=\sum_{n\in \mathbb{Z}}a_{(n)}z^{-n-1})$ , (2.1)
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$|0\rangle\in V_{0}$ , $\omega\in V_{2}$ $(V, Y, |0\rangle, \omega)$
(1) $k\in \mathbb{Z}\geq 0$ $\dim V_{k}<\infty.$
(2) $a,$ $b\in V$ $Y(a, z)b\in \mathbb{C}((z))$ ( $\mathbb{C}((z))$
$)$ .
(3) $a\in V$ $Y(a, z)|0\rangle\in a+Vz[[z]].$
(4) $Y(|0\rangle, z)=id_{V}.$
(5) $a,$ $b\in V$ $p,$ $q$
$[a_{(p)}, b_{(q)}]= \sum_{j=0}^{\infty}(\begin{array}{l}pj\end{array})(a_{(j)}b)_{(p+q-j)}$ (2.2)
$(a_{(p)}b)_{(q)}= \sum_{j=0}^{\infty}(-1)^{j}(\begin{array}{l}pj\end{array})\{a_{(parrow)}b_{(q+j)}-(-1)^{p}b_{(p+q-j)}a_{(j)}\}$ (2.3)
(6) $L_{n}=\omega_{(n+1)}$ $c_{V}\in \mathbb{C}$
$[L_{m}, L_{n}]=(m-n)L_{m+n}+ \frac{m^{3}-m}{12}\delta_{m+n,0^{\mathcal{C}}V}$ . (2.4)
(7) $a\in$ $L_{0a}=ka.$
(8) $a\in V$
$\frac{d}{d_{Z}}Y(a, z)=Y(L_{-1}a, z)$ . (2.5)
$a\in$ $|a|=k$ $J_{n}(a)=a_{(|a|-1+n)}$ $V$
$J_{n}(a)V_{m}\subset V_{m-n}$ (2.6)
2. 1. $V$ $C_{2}(V)=\{a_{(-2)}b|a, b\in V\}$ $V$
$V$ $C_{2}$
$V$ $M$
$Y:V arrow End_{\mathbb{C}}(M)[[z, z^{-1}]] (aarrow Y(a, z)=\sum_{n\in \mathbb{Z}}a_{(n)}z^{-n-1})$ (2.7)
(2), (4), (5) 2. (6)
(8) (cf. [13]). $V$
2 (weak module)
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[14] $V$ $C_{2}$ $0$ $V$- $M$
$M= \bigoplus_{k=0}^{\infty}M_{(r+k)},$ $M_{(r+k)}=\{u\in M|(L_{0}-r-k)^{d+1}u=0(\exists d\in \mathbb{Z}_{\geq 0})\}$ ,
(2.8)
$\dim M_{(r+k)}<\infty,$ $M_{(r)}\neq 0$
$V$- $M$ (2.8)
$r$ $M$




$a \circ b={\rm Res}_{z=0}Y(a, z)b\frac{(1+z)^{|a|}}{z^{2}}dz$ . (2.9)
$a\in V$ $A(V)=V/O(V)$ $a\in V$ $A(V)$
$[a]$ $*:V\cross Varrow V$
$a*b={\rm Res}_{z=0}Y(a, z)b \frac{(1+z)^{|a|}}{z}dz$ (2.10)
2.2 ([16]). $A(V)=V/O(V)$ $[|0\rangle]$ $[\omega]$
$A(V)$
$A(V)$ Zhu
(2.8) $V$- $M=\oplus_{k=0}^{\infty}M_{(r+k)}$ $M_{(r)}$ $A(V)arrow$
Endc $(M_{(r)})([a]\mapsto J_{0}(a))$ $A(V)$-
2.3 ([16]). $V$ - $M$
$V$ - $A(V)$ -
$V$ $C_{2}$ $A(V)$ ( [1]
$)$ . $V$-
3 Trace functions
$V$- $M$ $d$ $M=$
$\oplus_{k=0}^{\infty}M_{(r+k)},$ $M_{(r+k)}=\{u\in M|(L_{0}-r-n)^{d+1}u=0\}$ $\dim M_{(r+n)}<\infty$
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$V$- $M$ $q^{L_{0}}$ $M_{(r+k)}$
$q^{L_{0}}= \sum_{j=0}^{d}\frac{1}{j!}(L_{0}-r-k)^{j}q^{r+k}(\log q)^{j}$ (3.1)
$M$
$Z_{M}(a, q) :=tr_{M}J_{0}(a)q^{L_{0}-c_{V}/24}(a\in V)$ (3.2)
$M$ trace function (2.2) $J_{0}(a)$ $L_{0}$ $i>0$
Jo $(a)(L_{0}-r-n)$ $Z(a, q)$ $q^{L_{0}-c_{V}/24}$ (3.1)
$Z(a, q)$ $\log q$ $J_{0}(|O\rangle)=id_{M}$
trace function $a=|0\rangle$ $M$
$Z_{M}(|0 \rangle, q)=\sum_{k=0}^{\infty}\dim M_{(r+k)}q^{r+k-c_{V}/24}$ (3.3)
$V$ $V$
(cf. [9, 16]).
$S$ $C(V)$ Zhu $\ovalbox{\tt\small REJECT}$ $V$ $C_{2}$
(3.2) $q=e^{2\pi i\tau}(\tau\in \mathcal{H})$ $Z_{M}\in \mathcal{C}(V)$




$C(V)$ $SL_{2}(\mathbb{Z})$ Ch(V) $:=\{S(|0\rangle, q)|S\in$





$\mathbb{C}$ $A$ $A$ $\phi$ :
$Aarrow \mathbb{C}$




A- $W$ $u_{i}\in W,$ $\alpha_{i}\in Hom_{A}(W, A)(1\leq i\leq n)$
$w\in W$ $w= \sum_{i=1}^{n}\alpha_{i}(w)u_{i}$
$\{u_{i}, \alpha_{i}\}_{1\leq i\leq n}$ $\phi\in S(A)$
$\phi_{W}:End_{A}(W)arrow \mathbb{C}$ $\emptyset w(\alpha)=\sum_{i=1}^{n}\phi(\alpha_{i}0\alpha(u_{i}))$ $\{u_{i}, \alpha_{i}\}_{1\leq i\leq n}$
$W$ $\phi_{W}$ $\{u_{i}, \alpha_{i}\}_{1\leq i\leq n}$
4.1. $W_{1},$ $W_{2}$ $A$ - $\phi\in S(A)$
$\phi_{W_{1}}(\alpha 0\beta)=\phi_{W_{2}}(\beta\circ\alpha)$ $(\forall\alpha\in Hom_{A}(W_{2}, W_{1}), \beta\in Hom_{A}(W_{1}, W_{2}))$ (4.1)
$\phi_{W}$
pseudo-trace function
$V$- $M$ Endv $(M)$ $P$ $M$ $P$-
4. $L_{0}$ $\alpha\in P$
$\alpha(M_{(r+k)})\subset M_{(r+k)}$ $M$ $P$-
$M$ $\phi\in S(P)$
$\phi_{M_{(r+n)}}$ : $End_{P}(M_{(r+n)})arrow \mathbb{C}$ $P$ $M$
$V$ $M$ $(a)$ $P$ $V$
$J_{n}(a)$ $n$ $\sqrt{}n(a)\in Hom_{P}(M_{(r+k)}, M_{(r+k-n)})$
$J_{0}(\omega)=L_{0}$ $L_{0}\in End_{P}(M_{(r+k)})$
4.2 ([14, 7]). $S_{M}^{P,\phi}$
$S_{M}^{P,\phi}(a, q)= \sum_{k=0}^{\infty}\phi_{M_{(r+k)}}(J_{0}(a)q^{L_{0}-c_{V}/24}) (a\in V)$ (4.2)
$S_{M}^{P,\phi}\in \mathcal{C}(V)$
Zhu trace function $\mathcal{C}(V)$
$S_{M}^{P,\phi}$ ( $M$ ) pseudo-trace function (4.2) (3.1)
$S_{M}^{P,\phi}(a, q)= \sum_{k=0}^{\infty}\sum_{j=0}^{d}\frac{1}{j!}\phi_{M_{(r+k)}}(J_{0}(a)(L_{0}-r-k)^{j})q^{r+k-cv/24}(\log q)^{j}$ (4.3)
[14] [8] $n$ Zhu 5





rad$(\phi)=\{a\in A_{n}(V)|\phi(A_{n}(V)a)=0\}$ $A_{n}(V)$ $A_{\phi}$ $A_{\phi}$
6 $P_{\phi}:=eA_{\phi}e$ $A_{\phi}e$ $P_{\phi}$-
$A_{n}(V)$ - $A_{\phi}e$ [8] $V$- $L$ $(A_{\phi}e)$
$P_{\phi}arrow$ Endv $(L_{n}(A_{\phi}e))$ $L$ $(A_{\phi}e)$ $P_{\phi}$- 7




4.3 ([14]). $V$ $C_{2}$ $V$ - $A$
$V$ - $C(V)$ $\{S^{r,i_{r}}|r\in\Lambda, 1\leq i_{r}\leq k_{r}\}$
$S^{r,i_{r}}$
$S^{r,i_{r}}(a, q)= \sum_{j=0}^{d_{\iota_{r}}}\sum_{k=0}^{\infty}S_{jk}^{r,i_{r}}(a)q^{r+k-c_{V}/24}(\log q)^{j} (\forall a\in V)$ (4.4)
$S_{00}^{r,i_{r}}\neq 0$ $S\in C(V)$ (4.4) $S^{r’,i_{r’}}({\rm Re}(r’)\geq$
${\rm Re}(r))$ $\dim \mathcal{C}(V)=\dim S(A_{n}(V))-\dim S(A_{n-1}(V))$
$n$
4.4. [14] pseudo-trace function $n$
$A_{n}(V)$ $\ovalbox{\tt\small REJECT}$ $V$- $M=\oplus_{k=0}^{\infty}M_{(r+k)}$
$M_{(r+k)}\neq 0(\forall k\geq N)$ $N$
$V$- $c_{V}$ $0$
$V$- $c_{V}=0$
( [5] $\mathcal{W}_{p,q}$ ).
4.3 $C(V)$ Zhu
(4.4) $S_{00}^{r,i_{r}}$ Zhu $A(V)$ ([14])
4.3 $\dim \mathcal{C}(V)\leq\dim S(A(V))$ Ch(V)
$\mathcal{C}(V)arrow$ Ch(V)
4.5([7]). 4.3














$\overline{U}_{q}(sl_{2})(q=e^{\pi i/p})$ ([10, 15]),
Zhu ([6, 15]), $Ch(\mathcal{W}_{p})$ ([3, 11])
4.5 $\mathcal{C}(\mathcal{W}_{p})$ [6, 15] $A(\mathcal{W}_{p})$
$A(\mathcal{W}_{p})\cong \mathbb{C}\oplus M_{2}(\mathbb{C})\oplus(I\oplus M_{2}(\mathbb{C}))^{\oplus(p-1)},$ $I=\{(\begin{array}{ll}a b0 a\end{array})$ $a,$ $b\in \mathbb{C}\}$ (4.6)
$M_{2}(\mathbb{C})$ 2
$S(A(\mathcal{W}_{p}))$ $I$ ( $I\ovalbox{\tt\small REJECT}$ )
$\dim S(A(\mathcal{W}_{p}))=3p-1$ [3] dim Ch$(\mathcal{W}_{p})=3p-1$
( $SL_{2}(Z)$
). 4.5 $\dim \mathcal{C}(\mathcal{W}_{p})=3p-1$
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